Abstract. Let F be a relatively free algebra of infinite rank κ. We say that F has the small index property if any subgroup of Γ = Aut(F ) of index at most κ contains the pointwise stabilizer Γ (U ) of a subset U of F of cardinality less than κ. We prove that every infinitely generated free nilpotent/abelian group has the small index property, and discuss a number of applications.
Introduction
A countable first-order structure M is said to have the small index property if every subgroup of the automorphism group Γ = Aut(M) of index less than 2 There are many examples of countable structures that have the small index property: any countable set with no relations; the set of rational numbers with the natural order; any countable atomless boolean algebra, any vector space of countable dimension over an at most countable field, etc. The special role played by the cardinal ℵ 0 is (essentially) explained by the fact that if M is a first-order structure of cardinality ℵ 0 , then Aut(M) can be naturally converted into a Polish topological group [6, pp. 59-60] (recall that a topological space is Polish if and only if it is separable and completely metrizable).
One of the attractions of the small index property lies in the fact that if for a countable structure M we have that |Aut(M)| = 2 ℵ0 , then any automorphism ∆ ∈ Aut(Γ) of the group Γ = Aut(M) takes a subgroup of small (< 2 ℵ0 ) index to a subgroup of small index, since the condition "Σ is of small index in Γ" and "|Γ : Σ| < |Γ|" are in this case equivalent. This makes the small index property an efficient tool to prove results on the isomorphism types of the automorphism groups 2010 Mathematics Subject Classification. 20F28 (20E05, 20F19).
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of countable structures, to prove results on reconstruction of countable structures from their automorphism groups, etc. These considerations lead to a search of a reasonable analogue of the small index property for arbitrary infinite structures.
One of the crucial results in this direction is the following theorem by J. Dixon, P.M. Neumann and S. Thomas which appeared in one of the very first papers on the small index property [4] .
Theorem (Theorem 2 ♭ of [4] ). Let I be an infinite set. Then any subgroup of the symmetric group Γ = Sym(I) of I of index at most |I| contains the pointwise stabilizer Γ (U) a subset U of I of cardinality < |I|.
Note that if I is of cardinality ℵ 0 , then for any subgroup Σ of Γ = Sym(I) the conditions "|Γ : Σ| ℵ 0 " and "|Γ :
Working with relatively free algebras F, one quite often meets the situation when the automorphism group Aut(F ) "recognizes" the rank of F (the cardinality of a basis of F ). For instance (keeping in mind Theorem 2 ♭ of [4] ), if F is an infinite set with no relations (a relatively free algebra in the empty language), then rank(F ) = |F | is equal to the cardinality of the family of all transpositions in Aut(F ) (the family of all transpositions can be characterized in Aut(F ) in terms of group operation, see e.g. [10] ). Similarly, Aut(F ) "recognizes" rank(F ) if F is an infinite-dimensional vector space over a division ring, an infinitely generated free nilpotent/abelian, or an infinitely generated centerless relatively free group [14, Prop. 1.3], etc. Summarizing the above discussion, we suggest the following definition.
Definition. Let F be a relatively free algebra of infinite rank κ. We shall say that F has the small index property if any subgroup Σ of Γ = Aut(F ) of index at most κ contains the pointwise stabilizer Γ (U) of a subset U of F of cardinality < κ.
Henceforth we shall use the term the small index property only in the sense of the above definition (which a priori differs from the classical one for countable structures).
The paper is organized as follows. Proposition 2.1 of Section 2 states that given a relatively free algebra F of infinite rank with a basis B and any subgroup Σ Γ = Aut(F ) of small ( rank(F )) index, there is a moiety C of B such that Σ contains the subgroup Γ (B\C ),{ C } of all elements of Γ which fix B \ C pointwise and fix the subalgebra C generated by C setwise. The proof of Proposition 2.1 relies heavily on Theorem 2 ♭ of [4] we have quoted above.
Then we consider a number of corollaries of Proposition 2.1 for free algebras of infinite rank in so-called BMN-varieties introduced by the author in [13] . A variety 2. The small index property for relatively free algebras
Let F be a relatively free algebra with a basis B. We call an automorphism π of F a permutational automorphism with respect to B, if π preserves B as a set; the group of all B-permutational automorphisms of F will be denoted by Sym F (B);
Recall that a subset J of an infinite set I is called a moiety of I if |J| = |I \ J|.
Given an automorphism σ of F in the case when F is of infinite rank, we shall call σ moietous with regard to B, if there is a partition B = B 1 ⊔ B 2 of B into moieties
is, if σ fixes B 1 pointwise and fixes the subalgebra B 2 generated by B 2 setwise. The set of all B-moietous automorphisms of F will be denoted by Mo B (F ).
Now let
be a partition of B. Having a situation like that we shall write
where F i = B i is the subalgebra of F generated by B i (i ∈ I); thus F is the coproduct of subalgebras F i . Now given automorphisms ϕ i ∈ Aut(F i ) where i runs over I, there is a uniquely determined automorphism ϕ ∈ Aut(F ) such that ϕ| Fi = ϕ i for all i ∈ I; in the manner of (2.1) we write
Suppose that for a certain subset J ⊆ I and for a certain j 0 ∈ J we have that
• for every j ∈ J there is a bijection p j :
where π j is the isomorphism of algebras in the language of F induced by p j (and then the actions of all ϕ j are isomorphic);
it is then convenient to write the automorphism ϕ = ⊛ i∈I ϕ i in the following simplified form
Further, let
be a partition of B. Suppose that for all j ∈ J, ρ j is an automorphism of the subalgebra D, C j which fixes D pointwise and that for all i ∈ I, ϕ i is an automorphism of the subalgebra C i . Then there exists a uniquely determined automorphism σ of F such that
• σ| Cj = ρ j | Cj for all j ∈ J;
in the manner we have used above, σ can be written as Proof. The result is proved in [14] for infinitely generated relatively free groups, and in fact the proof given in [14] can be used without significant changes in the general case. For the reader's convenience, we reproduce the plan of the proof.
(a). The key fact is that there exists a subset D of B of cardinality < κ such that the stabilizer
is contained in Σ. This follows from Theorem 2 ♭ of [4] quoted in the Introduction.
(b). Now let C be a moiety of B \ D. Consider a partition
of B \ D into moieties such that I is an index set of cardinality κ and C is a moiety of C i0 for some i 0 ∈ I. Then partition C i0 into ℵ 0 moieties:
so that C i0,0 = C . Take any automorphism α of the subalgebra D, C i0,0 = D, C generated by C ∪ D which fixes D pointwise. Extend α on C i0 as follows:
where the automorphism in the right-hand side corresponds to the partition (2.3).
The family Λ = {λ} of automorphisms of F such that
where an automorphism in the right-hand side corresponds to the partition
and where ε i = 0, 1 (i ∈ I), has the cardinality 2 κ . Then there are distinct
we shall use this fact below). (c). Now one can find B-permutational automorphisms π 1 , π 2 ∈ Sym F (B) (D) such that the product (µ π1 µ) π2 acts as α on C = C i0,0 and fixes the rest B \ C of B pointwise.
Next, we are going to discuss some corollaries of Proposition 2.1.
A variety V of algebras is called a BMN-variety [13] if given any free algebra F of V of infinite rank, any basis B of F and any partition
of B into moieties, the automorphism group Γ = Aut(F ) of F is generated by the stabilizers
Equivalently, Γ is generated: (a) by any stabilizer of the form
where C is any It is interesting to compare Proposition 2.2 with the situation in the general case described below in Proposition 2.4 (a straightforward generalization of the corresponding result from [3] ). One of the leading themes of the paper [3] by R. Bryant and V. Roman'kov is the study of subgroups of index < 2 ℵ0 of the automorphism groups of relatively free algebras F of arbitrary infinite rank. Note that the definitions of the small index property given in [3] and that one in the present paper are different: the definition in [3] requires, regardless of rank(F ), existence of pointwise stabilizers of finite sets in all subgroups of Aut(F ) of index < 2 ℵ0 . However the automorphism group Aut(F ) of a relatively free algebra F of infinite rank might simply not possess proper subgroups of index < 2 ℵ0 as Proposition 2.2 demonstrates.
Lemma 2.3. Let F be a relatively free algebra with a basis B of infinite cardinality
κ and let D be a subset of B of cardinality < κ. Then Let C be a moiety of B \ E . Then there is a bijection m : B → C ∪ E which takes every element of E to itself, and hence an isomorphism µ : B → C ∪ E of algebras F = B and C ∪ E which extends m; in particular, µ(e) = e for all e ∈ E . It follows that the map µσµ −1 is an automorphism of the subalgebra C ∪ E which coincides with σ on D:
Then the automorphism (µσµ −1 ) ⊛ id which corresponds to the partition B = (C ∪ E ) ⊔ (C ∪ E ) c can be taken as a required B-moietous automorphism ρ.
(ii) Let σ ∈ Γ. Then by (i) there is a B-moietous automorphism ρ of F such that
. It is easy to find a B-permutational automorphism π ∈ Sym F (B) and a B-moietous automorphism ρ 0 ∈ Γ (D) such that ρ = πρ 0 π −1 . Therefore,
and the result follows. Proof. We argue like in [3] . 
Then V is a BMN-variety and every free algebra of infinite rank in V has the small index property.
Proof. The second statement follows from Proposition 2.1. To show that V is a BMN-variety, apply part (i) of Lemma 2.3.
3. The small index property for free nilpotent groups Proof. Let N be an infinitely generated free nilpotent group of nilpotency class c.
Consider a basis B of N and let D be a subset of B of cardinality < κ = rank(N ).
Write E for B \ D and let
where I is an index set of cardinality κ.
Write Φ for the subgroup of Γ generated by Mo B (N ) (D) . Thus our aim is to show that Φ is equal to Γ (D) .
We use induction on c. Let then c = 1, which means that N is a free abelian group. Suppose that σ ∈ Γ (D) where Γ = Aut(N ). Then
It follows that there exists a basis {e ′ i : i ∈ I} of the group E and elements u i ∈ D such that
is a basis of σE .
As the variety of all abelian groups is a BMN-variety [13] , the automorphism
is a product of B-moietous automorphisms from Γ (D) , and hence an element of Φ.
Let I = I 1 ⊔ I 2 be a partition of I into moieties. Clearly, both automorphisms
where
are in Φ and their product γ 1 = π 1 π 2 takes e i to e i + u i for all i ∈ I. Hence
and σ is in Φ.
Recall that γ k (G) where k 1 denotes the k-th term of the lower central series of a group G (defined inductively as follows:
We consider the induction step. Let N be a free nilpotent group of nilpotency We claim that α belongs to Φ. Suppose that α acts on E = {e i : i ∈ I} as follows:
where w i = w(e i ) ∈ γ c (N ).
Observe that every automorphism δ of N which fixes N pointwise modulo the subgroup γ c (N ),
takes every element of γ c (N ) to itself and that any two automorphisms of N of the form (3.2) are then commuting.
Let us partition E = B \ D into moieties:
and define automorphisms α F , α G ∈ Γ (D) of N as follows:
Let us prove that α F is in Φ. By symmetry, it will imply that α G is also in Φ, whence the result.
Partition F into (c + 1) moieties: 
where t k (e i ) ∈ γ c (N ) is a product of left-normed basic commutators of weight c which do not have occurrences from F k (k = 1, . . . , c+1). For every k = 1, . . . , c+1, define β k ∈ Γ (D∪F ) as follows:
we have that β k fixes F k pointwise and preserves the subgroup B \F k setwise (k = 1, . . . , c+1). It follows that β k is a B-moietous automorphism of N which fixes D pointwise, or, in other words, an element of Φ. Finally, as Proof. By the main result of [2] we have already referred to above, the natural homomorphisms
determined by the natural homomorphisms
respectively, are surjective. It follows that the natural homomorphism
determined by the natural homomorphism F/γ c (F ) → F/V (F ) is also surjective.
Let Σ Aut(F/V (F )) be a subgroup of index at most rank(F/V (F )) = rank(F ).
Then the full preimage ε −1 (Σ) of Σ is of index at most rank(F/γ c (F )) = rank(F ) in Γ = Aut(F/γ c (F )). It follows that there is a subset D of F/γ c (F ) of cardinality
and the former subgroup is the pointwise stabilizer of a subset of F/V (F ) of cardi-
The problem whether a free group F of arbitrary infinite rank has the small index property seems to be very intriguing (as we remarked in the Introduction, the answer is affirmative in the case when F is countable [1] ). The following partial answer is provided by Theorem 3.1. 
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A similar result can be in fact proven for free modules of infinite rank over rings from a rather large class of rings the author considered in [13] (see Remark 2.3 and Theorem 2.4 of [13] for the details).
Theorem 3.1 can be also used to show that all automorphisms of the automorphism group Aut(A) of an infinitely generated free abelian group A are inner. The crucial step in the proof is the reconstruction of the family of all unimodular elements of A in Aut(A) with the use of the small index property.
